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abstrat
Lusztig onjetured that the almost haraters of
a nite redutive group are up to a salar the same as
the harateristi funtions of the rational harater
sheaves dened on the orresponding algebrai group.
We propose in this paper to verify this onjeture for
the uniform almost haraters of the Suzuki and the
Ree groups and to show that a onjeture of the same
type holds for the disonneted ase of type B2. We
then state a onjeture on the possible values of the
uniform almost haraters on unipotent elements in
the disonneted ase of type F4.
1 Introdution
Let G0 be a onneted redutive group dened over the nite eld with q ele-
ments and F0 : G0 → G0 suh that F δ0 is a Frobenius map for some positive
integer δ. We denote by GF00 and G
F δ
0
0 the nite groups of xed points un-
der F0 and F
δ
0 respetively. The group G
F δ
0
0 is F0-stable and the restrition
of F0 to G
F δ
0
0 (denoted by the same symbol) is an automorphism of G
F δ
0
0 . We
are interested in the irreduible haraters of the extension G˜0 = G
F δ
0
0 ⋊ 〈F0 〉.
A relevant example in whih this situation ours is when G0 is a simple alge-
brai group of type B2, G2 or F4 and F0 is the isogeny that denes the Suzuki
and the Ree groups; in these ases, F 20 is a Frobenius map and G
F 2
0
0 is a simple
group (exept for the rst value of the parameter). In [2℄ and [3℄, we ompute
the harater table of G˜0 in the ases of type B2 and G2 respetively. But the
employed methods are essentially ad ho and annot be used for type F4.
When the algebrai group is onneted, Lusztig has shown that the ompu-
tation of the irreduible haraters of G
F0
0 is redued to the determination of
the almost haraters of G
F0
0 (this is a family of lass funtions on G
F0
0 dened
1
using the generalized haraters of Deligne-Lusztig) [12℄. To obtain the values of
these funtions, he develops the theory of harater sheaves on G0: to every F0-
stable harater sheaf on G0 we an assoiate in a natural way a lass funtion
on G
F0
0 , the so-alled harateristi funtion of the sheaf [14℄. He onjetures
that the harateristi funtions of harater sheaves oinide (up to a salar)
with the almost haraters [14, V℄. With some assumptions on the harateristi
and on the enter of G0, Shoji showed that this onjeture holds when F0 is a
Frobenius map [23℄. Reently, Bonnafé proved that Lusztig's onjeture holds
in type An when the enter of G0 is not onneted [1℄.
The advantage of this approah is that the harateristi funtions of F0-
stable harater sheaves an be omputed using a uniform algorithm desribed
by Lusztig in [14, V.24℄; the input of this algorithm is the generalized Springer
orrespondene introdued by Lusztig [13℄.
Reently, Lusztig started a series of papers in whih he develops a theory
of harater sheaves for disonneted groups and denes a generalized Springer
orrespondene in this ase [15℄; we do not know at present whether Lusztig's
algorithm is valid in this situation.
In this note, we propose to apply this theory to the groups G˜0 interpreted as
a xed-point subgroup of a disonneted redutive group G˜ = G⋊ 〈 τ 〉 (here G
is a onneted redutive group onstruted fromG0 and τ is an automorphism of
nite order ofG) under a generalized Frobenius F , using a method developed by
Digne in [6℄. In the ase thatG0 is of type B2 or F4, the element τ (viewed as an
element of G˜) is unipotent and we thus an determine the generalized Springer
orrespondene on the oset Gτ . We an then apply Lusztig's algorithm a
priori as in the onneted ase; we show that Lusztig's onjeture holds for the
disonneted type B2 (using the expliit table in [2℄) and we give the possible
values of the uniform almost haraters on unipotent elements for the type F4.
The paper is organized as follows: in Setion 2 we determine the lasses
of G˜ from those of G0. In Setion 3, we apply Lusztig's algorithm to G0 (in the
ase of types B2, G2 and F4) with the twisted map F0 that denes the Suzuki
and Ree groups and verify that Lusztig's onjeture holds in those ases for the
uniform almost haraters on the unipotents elements. In Setion 4, we verify
Lusztig's onjeture in the disonneted ase of type B2 and give a onjeture
for the ase F4.
2 The group G˜0
In this setion, G0 is a onneted redutive group dened over Fq (where q is a
power of 2) and F0 is a map on G0 suh that F
2
0 is a Frobenius map.
2.1 Restrition of salars
Now we will interpret the group G˜0 = G
F 2
0
0 ⋊ 〈F0 〉 as a xed-point subgroup
under an endomorphism F of an algebrai group G˜; we use the onstrution
developed in [6℄. We set G = G0 × G0 and G˜ = G ⋊ 〈 τ 〉, where τ is the
2
algebrai automorphism of G dened by (g1, g2)
τ = (g2, g1). The group G˜ is
a non-onneted redutive group with identity omponent G. Let F : G˜ →
G˜ be the homomorphism dened by F (g1, g2) = (F0(g2), F0(g1)) and F (τ) =
τ . Let T0 be a maximal rational torus of G0 ontained in a rational Borel
subgroup of G0. The group B = B0×B0 is an F -rational Borel subgroup of G
ontaining T = T0 × T0 as maximal F -rational torus. The groups T and B
are τ -stable, thus τ is quasi semisimple. It is not diult to show that τ is
in fat quasi-entral [8, 1.15℄. We put B˜ = B ⋊ 〈 τ 〉 and T˜ = T ⋊ 〈 τ 〉; we
have B˜ = N
G˜
(B) and T˜ = N
G˜
(T,B). Thus T˜ and B˜ are respetively rational
"torus" and rational "Borel" in the sense of Digne and Mihel [8, 1.2℄.
Proposition 2.1 We have the following isomorphisms:
G
τ ≃ G0,
(Gτ )
F ≃ GF00 ,
G
F ≃ GF 200 ,
G˜
F ≃ GF 200 ⋊ 〈F0 〉.
Proof  The isomorphisms are given by ϕ : G0 → Gτ , g 7→ (g, g) and ϕ′ :
G
F 2
0
0 → GF , g 7→ (g, F0(g)). Moreover we have ϕ′ ◦ F0 = τ ◦ ϕ′, it follows
that F |GF ats on GF as F0|
G
F2
0
0
on G
F 2
0
0 and the result holds.
✷
2.2 Conjugay lasses
We will now desribe the onjugay lasses of the groups appearing in 2.1. We
are interested in the onjugay lasses of elements belonging to the oset Gτ .
Lemma 2.1 Two elements (g1, g2)τ and (g
′
1, g
′
2)τ of Gτ are onjugate in G˜ if
and only if g1g2 and g
′
1g
′
2 are onjugate in G0.
Proof  First reall that (g1, g2)τ and (g
′
1, g
′
2)τ are onjugate in G˜ if and only
if they are onjugate by an element in G. Then there exists h = (h1, h2) ∈ G
suh that h1g1 = g
′
1h2 and h2g2 = g
′
2h1. It follows that g1g2 and g
′
1g
′
2 are
onjugate. Conversely if g1g2 = hg
′
1g
′
2h
−1
for some h ∈ G0, we have:
(g1, 1)(g2, g1)τ(g1, 1)
−1 = (g1g2, 1)τ
= (hg′1g
′
2h
−1, 1)τ
= (hg′1, h)(g′2, g′1)τ(hg′1, h)−1
Sine τ(g1, g2)ττ
−1 = (g2, g1)τ the result follows.
✷
In the following, if H is a subgroup of G0, we denote by µ(H) = {(h, h) ∈
G | h ∈ H} ⊆G.
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Proposition 2.2 The map f : G0 7→ Gτ, x 7→ (x, 1)τ indues a bijetion from
the onjugay lasses of G0 to the lasses in the oset Gτ and we have
C
G˜
(f(x)) = µ(CG0(x)).〈 (x, 1)τ 〉.
Moreover f indues a bijetion between the unipotent lasses of G0 and the
unipotent lasses in the oset Gτ .
Proof  We rst remark that every onjugay lass in the oset Gτ has a
representative of the form f(g) for some g ∈ G0 beause (x1, x2)τ is onju-
gate to f(x1x2). The bijetion between the lasses is now a onsequene of
Lemma 2.1. Moreover we have:
((x1, x2)τ)
2m
= ((x1x2)
m, (x2x1)
m) .
We denote by d the order of (x1, x2)τ and by d
′
the one of x1x2. Sine x1x2
and x2x1 are onjugate, they have the same order. Thus we have ((x1, x2)τ)
2d′ =
1 and it follows that d divides 2d′. Moreover 2 divides d, then there exists a
positive integer k suh that d = 2k. Thus k divides d′. Conversely we have 1 =
((x1, x2)τ)
2k
; it follows that (x1x2)
k = 1 and d′ divides k. We have k = d′ and
we have to prove that
|〈 ((x1, x2), τ) 〉| = 2|〈x1x2 〉|.
Reall that the harateristi of the onsidered groups is 2, it follows that the
bijetion indued by f is ompatible with the unipotent lasses.
Let x ∈ G0, we then have µ(CG0(x)).〈 (x, 1)τ 〉 ⊆ CG(f(x)). Conversely
if (g1, g2)(x, 1)τ = (x, 1)τ(g1, g2) we have (g1x, g2)τ = (xg2, g1)τ and g1 ∈
CG0(x). If (g1, g2)τ(x, 1)τ = (x, 1)τ(g1, g2)τ , then (g1, g2x) = (xg2, g1) and g2 ∈
CG0(x) as required.
✷
We now disuss the F -rational lasses of G˜ in the oset Gτ . We rst reall
a relevant result whih is a diret onsequene of Lang's theorem:
Theorem 2.1 Let G be a onneted redutive group dened over Fq and F a
generalized Frobenius map on G. Suppose that G ats transitively on a set X,
suppose that there exists F ′ : X → X suh that F ′(gx) = F (g)F ′(x) for ev-
ery g ∈ G and x ∈ X and suppose nally that StabG(x) is a losed subgroup
of G. Then XF
′
is non-empty and if x0 ∈ XF ′ , we set
A(x0) = StabG(x0)/ StabG(x0)
◦
and by π the anonial projetion of StabG(x0) onto A(x0). Then the map F
naturally indues an automorphism on A(x0), denoted by the same symbol, and
the G
F
-orbits of XF
′
are in bijetion with the F -lasses of A(x0) (i.e., the orbits
on A(x0) for the operation g.h = g
−1hF (g)). Moreover the orrespondene
is suh that if x = gx0 then we assoiate to the G
F
-lass of x the F -lass
of π(g−1F (g)).
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Let xτ ∈ G˜, we denote by A(xτ) = CG(xτ)/CG(xτ)◦. If xτ is rational, we
denote by F the automorphism of A(xτ) indued by F . We have:
Proposition 2.3 Every rational lass on Gτ has an F -stable representative.
Moreover the map f dened in Proposition 2.2 gives a bijetion between the F0-
rational lasses of G0 and the F -lasses in the oset Gτ . Finally, the onju-
gay lasses of G
F0
0 are in bijetion with the onjugay lasses of G˜
F
in the
oset G
F τ . Moreover if g is a representative of a lass of GF00 and if g˜ is a
representative of the orresponding lass on G
F τ then we have
C
G˜F
(g˜) ≃ µ(CGF
0
(g)).〈 (g, 1)τ 〉,
|C
G˜F
(g˜)| = 2|CGF
0
(g))|.
Proof  The map f gives a bijetion between the F0-rational lasses of G0
and the F -lasses in the oset Gτ beause F ((g, 1)τ) is onjugate to (g, 1)τ if
and only if F0(g) and g are onjugate. Let g0 ∈ GF00 , then we have
F ((g0, 1)τ) = (g0, 1)
−1(g0, 1)τ(g0, 1).
Sine (g0, 1) ∈ G, we an nd u ∈ G suh that (g0, 1) = u−1F (u) (we apply
Lang's property in the onneted group G with the generalized Frobenius F ).
The element u(g0, 1)τu
−1
is rational and we have
uCG((g0, 1)τ)u
−1 = CG(u(g0, 1)τu−1).
Let g, h ∈ CG((g0, 1)τ), we then have
uh−1u−1ugu−1F (u)F (h)F (u−1) = uh−1g(g0, 1)F (h)(g0, 1)−1u−1.
Consequently the F -lasses of CG(u(g0, 1)τu
−1) are in bijetion with the (g0,1)F -
lasses of CG((g0, 1)τ). We an apply Theorem 2.1 withX = Cl((g0, 1)τ) and F
′
being the restrition of F to this set; we take u(g0, 1)τu
−1
as rational element.
It follows that the G˜
F
-lasses of Cl(f(x0))
F
are in bijetion with the
(g0,1)F -
lasses of A(f(x0)). Using Proposition 2.2, we have CG(f(g0)) = µ (CG0(g0)).
For every (h, h) ∈ CG(f(g0)), we then have
(g0,1)F (h, h) = (g0F0(h), F0(h)),
but sine F0 ats on CG0(g0) we have F0(h) ∈ CG0(g0) and it follows that the
operation of
(g0,1)F on CG(f(g0)) is the same as the one of F on CG(f(g0)).
Sine µ is an isomorphism of algebrai groups, it follows that A(f(g0)) is iso-
morphi to AG0(g0) = CG0(g0)/CG0(g0)
◦
and we have
F ◦ µ = µ ◦ F0,
thus the F0-lasses of AG0(g0) are in bijetion with the F -lasses of A(f(g0)).
This proves that the lasses of G
F
0 are in orrespondene with the lasses of G˜
F
in the oset Gτ . We set π (resp. π0) to be the anonial projetion of CG(f(g0))
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onto A(f(g0)) (resp. CG0(g0) onto AG0(g0)). Let π0(a) be a representative of
a F0-lass of AG0(g0) and let a˜ be a orresponding lass representative of G
F0
0
given in Theorem 2.1. We then have
C
G
F0
0
(a˜) ≃ {h ∈ CG0(g0) | F (h) = a−1ha}.
Moreover the element π(a, a) = (π0(a), π0(a)) is a representative of the
(g0,1)F -
lass of A(f(g0)). Thus
CGF (a˜, a) ≃ {h ∈ CG(f(g0)) | F (h) = a−1ha},
where (a˜, a) is a representative of the lass of G˜F orresponding to π(a, a).
Hene CGF (a˜, a) is isomorphi to µ(CGF
0
(a˜)) and the result is proven.
✷
Remark 2.1 The element u in the preeding proof an be expliitly hosen as
follows: sine g0 belongs to the onneted group G0, using Lang's property in
this group, we an nd x ∈ G0 suh that g0 = x−1F 20 (x). We then have
(g0, 1) = (x, F0(x))
−1F (x, F0(x)).
It follows that y =
(
F0(x)x
−1, F0(F0(x)x−1)
)
τ is a rational element in the
rational lass of (g0, 1)τ . In [7℄ Digne and Mihel dene the Shintani orre-
spondene: this is a bijetion NF/F 2 between the onjugay lasses of G
F0
0 and
the onjugay lasses of G
F 2
0
0 ⋊ 〈F0 〉 in the oset GF
2
0
0 F0. We then remark that
y = ϕ′
(
(NF/F 2(g0))
−1) ,
where ϕ′ is the expliit isomorphism between GF
2
0
0 ⋊ 〈F0 〉 and G˜F onstruted
in the proof of Proposition 2.1.
3 Lusztig's onjeture for the Suzuki and the Ree
groups
In this setion, we will prove that the simple groups of types B2, G2 and F4
with the Frobenius map dening the Suzuki and Ree groups satisfy Lusztig's
onjeture. For the expliit alulations in this setion, we will use programs
developed in Gap [9℄ by the author. We will rst reall some generalities.
3.1 Generalized Springer orrespondene
Let G0 be a onneted redutive group dened over the nite eld of q elements
and F0 be the orresponding Frobenius map. We set N to be the G0-lasses of
pairs (u, φ), where u is a unipotent element of G0 and φ an irreduible har-
ater of the omponent group AG0(u) dened in the proof of Proposition 2.3.
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Two pairs (u, φ) and (v, ψ) are in the same G0-lass if there existe x ∈ G0
suh that v = x−1ux and ψ(t) = φ(xtx−1) for every t ∈ AG0(v) (note that
it is independent of the hoie of x). In [13℄, Lusztig assoiates to every
pair (u, φ) a 4-tuple (L, v, ψ, ρ), where L is a Levi subgroup of G0, v ∈ L is
unipotent, ψ ∈ Irr(AL(v)) and ρ ∈ Irr(NG0(L)/L). If L = G0 then the pair
is said uspidal. Lusztig's onstrution denes a bijetion between N and the
set of 4-tuples as above, suh that (v, ψ) is uspidal for L. We write ρu,φ for ρ
if (u, φ) orresponds to (L, v, ψ, ρ). The map (u, φ) 7→ ρu,φ is the generalized
Springer orrespondene.
3.2 Lusztig's onjeture
We use the same notation as in 3.1. We denote by T0 a maximal rational
torus of G0 ontained in a rational Borel B0 of G0. We dene the Weyl
group W = N(T0)/T0 of G0. Sine T0 is rational, it follows that F0 ats
as an automorphism on W ; we denote it with the same symbol. Let ρ ∈ Irr(W )
suh that ρF0 = ρ; using Cliord theory we an extend ρ to W˜ =W ⋊〈F0 〉. We
hoose suh an extension ρ˜ and we dene the uniform almost haraters of GF00
as
Rρ˜ =
1
|W |
∑
w∈W
ρ˜(wF0)Rw,
where Rw is the generalized Deligne-Lusztig harater R
G0
Tw
(1
T
F0
w
) assoiated to
the rational torus Tw of G0 orresponding to w. For denition and properties
of these haraters we refer for example to [5, 7℄.
Let C be a rational unipotent lass in G0 and E be an F0-stable irreduible
loal system on G0 whih is G0-equivariant for the onjugation ation of G0.
In [14℄, Lusztig assoiates to (C, E) an irreduible F0-stable perverse sheaf onG0.
We an attah to it its harateristi funtion XC,E on GF00 ([14, II.8.4℄ for the
denition), dened up to a salar.
Following [22, 3.5℄, there is a orrespondene between the pairs (C, E) dened
previously and the pairs (u, φ) dened in 3.1 suh that u is rational and φ is F0-
stable (the set of suh pairs is denoted by NF0 in the following); we denote
by Xu,φ the orresponding harateristi funtion in this orrespondene. We
denote by N0 (resp. NF00 ) the pairs of N (resp. NF0) suh that the assoiated 4-
tuple has the form (T0, 1, 1, ρu,φ). Note that the restrition of the map (u, φ) 7→
ρu,φ to N0 is the original Springer orrespondene.
Lusztig onjetures that the uniform almost haraters Rρ˜u,φ and the har-
ateristi funtions Xu,φ with (u, φ) ∈ NF00 oinide up to a salar. We propose
to verify that this onjeture holds on unipotent elements.
Remark 3.1 Lusztig's onjeture is more general. Lusztig denes in [12, 13.6℄
the almost haraters. Lusztig's onjeture asserts that these lass funtions
oinide up to a salar with the harateristi funtions of every F0-stable har-
ater sheaf on G0. To ompute the values of these funtions, it is suient to
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ompute the values of the harateristi funtions XC,E on the unipotent ele-
ments; see [14, II.8.5℄.
3.3 Lusztig's algorithm
We keep the notation of the preeding setions. Our aim is to ompute the values
of the harateristi funtions Xu,φ for (u, φ) ∈ NF00 on the unipotent elements
of G
F0
0 and to ompare them with the uniform almost haraters of G
F0
0 .
Let (u, φ) ∈ NF00 ; we dene ϕu,φ : ClG0(u)F0 → Qℓ as follows: using The-
orem 2.1, if a is a representative of an F0-lass of AG0(u), we denote by ga
the orresponding lass representative of G
F0
0 . We set ϕu,φ(g) = φ˜(aF0) if g
is onjugate to ga in G
F0
0 and ϕu,φ(g) = 0 if g /∈ ClG0(u)F0 ; it depends on
the hoie of an extension φ˜ of the F0-stable harater φ to AG0(u)⋊ 〈F0 〉 and
hene it is only well-dened up to a non-zero salar multiple. Note that the lass
funtion ϕu,φ is up to a salar the lass funtion Yu,φ dened in [14, V.24.2.3℄.
We now reall Lusztig's algorithm. We rst hoose an order on NF00 extend-
ing the natural order on unipotent lasses ofG
F0
0 dened by u ≤ v when ClG0(u)
is ontained in the Zariski losure of ClG0(v). Following Lusztig, we write (u, φ) ∼
(v, ψ) when u is onjugate to v. If u is a unipotent element of G0, we denote
by Bu the variety of Borel subgroups of G0 ontaining u. We set du = dim(Bu).
We remark that if u ≤ v then dv ≤ du. In [14℄, Lusztig shows that the fun-
tions Yu,φ (with (u, φ) ∈ NF00 ) form a basis of the uniform funtions on the
set of unipotent elements of G
F0
0 . Note that the funtion Xu,φ dened in [14,
V.24.2.8℄ is the harateristi funtion of the sheaf divided by q−(a0+r)/2; in our
ase, we have a0 + r = dim(CG0(u)) − rk(G0) = 2du; see [25, 2.7℄. With our
notation, we have
q−duXu,φ =
∑
(v,ψ)∈NF0
0
p(v,ψ),(u,φ)Yv,ψ. (1)
We set P to be the matrix with oeients p(v,ψ),(u,φ). In [14, V.24℄, Lusztig
shows that the oeients of P are rational, that the diagonal elements of P
are 1 and that P is an upper triangular matrix. Moreover, if (u, φ) ∼ (v, ψ)
but (u, φ) 6= (v, ψ) then p(v,ψ),(u,φ) = 0. We give a way to ompute the matrix P .
We introdue the nonsingular bilinear form
(f, f ′) =
∑
g∈X
f(g)f˜ ′(g),
where X denotes the set of unipotent elements of GF00 and f˜
′
is dened in [14,
V.24.2.12℄. We set
w(u,φ),(v,ψ) =
|GF00 |
|W |
∑
w∈W
ρ˜u,φ(wF0)ρ˜v,ψ(wF0)
|TF0w |qdu+dv
,
where ρ˜u,φ is an extension of the F0-stable harater ρu,φ given in 3.1 to the
group W ⋊ 〈F0 〉 and Tw is the rational torus of G0 orresponding to w.
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u AG0(u) φ ρu,φ du
u1 1 1 ε 4
u2 1 1 ϕ1 2
u3 1 1 ϕ2 2
u4 1 1 χ 1
u5 Z/2Z 1 1W 0
Table 1: Generalized Springer orrespondene for type B2.
We set Ω to be the matrix with oeients w(u,φ),(v,ψ). Lusztig proves that
the matrix P dened as above is the unique solution of
tPΛP = Ω,
where Λ is a blok diagonal matrix, whih is uniquely determined from the equa-
tion when we hoose the dimension of the bloks ompatible with the relation ∼.
3.4 The Suzuki groups
Let G0 be a simple algebrai group of type B2 dened over the algebrai losure
of the eld of 2 elements. Let n be a non-negative integer; we set q = 2n
√
2
and F0 = σ ◦ F2n , where F2n is the standard Frobenius map on G0 over F2n
and σ is the bijetive endomorphism arising from the symmetry of the Dynkin
diagram, see [4, 12.3℄. The Suzuki group of parameter q2 is dened as GF00 ;
it has order q4(q2 − 1)(q4 + 1). The Weyl group of G0 is the dihedral group of
order 8. We denote by wa and wb the two generators of W orresponding to
the roots a and b respetively. We denote by xr(t) (for a root r and t ∈ F2)
the Chevalley generators of G0 and we set xa = xa(1) and xb = xb(1). By
onvention, we hoose b for the long root. The group W has 5 irreduible
haraters. We denote by ε the sign harater of W and by χ the irreduible
harater of degree 2. The two other linear haraters are denoted by ϕ1 and ϕ2,
the hoie is suh that ϕ1(wa) = −1.
In Table 1, we reall the generalized Springer orrespondene for a simple
group of type B2 in harateristi 2; see [25, IV.1℄. We set u1 = 1, u2 = xb, u3 =
xa, u4 = xa+bx2a+b and u5 = xaxbxa+b as representatives for the unipotent
lasses of G0. The F0-stable lasses of G0 have representatives u1, u4 and u5.
The lass Cl(u5)
F0
splits into two lasses of G
F0
0 ; representatives of these lasses
are xaxbxa+b and xaxbx2a+b and are denoted by ρ and ρ
−1
respetively in [27℄.
3.4.1 Uniform almost haraters
The Weyl groupW ofG0 has three F0-stable haraters 1W , ε and χ. We hoose
extensions 1˜W , ε˜ and χ˜ to W ⋊ 〈F0 〉. The values of these haraters appear in
Table 2. The deomposition into irreduible omponents of the uniform almost
haraters (omputed using the denition of uniform almost haraters in 3.2)
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F0 waF0 wawbwaF0
ε˜ 1 −1 −1
χ˜ 0 −√2 √2
1˜W 1 1 1
Table 2: Values of extensions on WF0.
u1 u4 ρ ρ−1
Rε˜ q
4 0 0 0
Rχ˜ q(q
2 − 1) −q 0 0
R1˜W
1 1 1 1
Table 3: Values of the uniform almost haraters of the Suzuki group.
of the Suzuki groups are given in [10, Table 1℄. We have R1˜W = 1GF0
0
, Rε˜ =
St
G
F0
0
and Rχ˜ =
1√
2
(W1+W2), whereW1 andW2 are the two uspidal unipotent
haraters of the Suzuki group (see [27℄); note that the results there are orret,
however, one has to use our hoies for χ˜ given in Table 2 ontrary to what they
laim in [10, Table 1℄. Thus, using the harater table of the Suzuki group given
in [27℄, we dedue
Proposition 3.1 The values of the uniform almost haraters of the Suzuki
groups on the unipotent elements of G
F0
0 are given in Table 3.
3.4.2 Lusztig's algorithm for the Suzuki groups
The order on NF00 is (u1, 1) ≤ (u4, 1) ≤ (u5, 1). For the onstrution of the
funtions ϕu,φ, we need to x an extension of φ to AG0(u)⋊〈F0 〉; we hoose the
trivial harater for AG0(u1)⋊〈F0 〉 and for AG0(u3)⋊〈F0 〉, and the non-trivial
harater for AG0(u4)⋊ 〈F0 〉. We then give the resulting funtions in Table 4.
Reall that |TF01 | = q2−1, |TF0wa | = q2−
√
2q+1 and |TF0wawbwwa | = q2+
√
2q+1.
Theorem 3.1 When G
F0
0 is the Suzuki group of parameter q
2
, then the ma-
u1 u4 ρ ρ−1
ϕu1,1 1 0 0 0
ϕu4,1 0 −1 0 0
ϕu5,1 0 0 1 1
Table 4: Values of the funtions ϕu,φ for the Suzuki group.
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trix Ω dened in 3.3 is
Ω =

 1 q2 − 1 1q2 − 1 q6 − q2 −q6 + q4
1 −q6 + q4 q8


The matries P and Λ resulting from Lusztig's algorithm desribed in 3.3 are
P =

1 q2 − 1 10 1 −1
0 0 1


and Λ =

1 0 00 q6 − q4 + q2 − 1 0
0 0 q8 − q6 + q4 − q2


Moreover the harateristi funtions Xu,φ with (u, φ) ∈ NF00 omputed using
Relation (1) in 3.3 oinide with the uniform almost haraters Rρ˜u,φ on the
unipotent elements of G
F0
0 .
3.5 The Ree groups of type G2
Let G0 be a simple algebrai group of type G2 dened over F3; we set q = 3
n
√
3
for some non-negative integer n and F0 = σ ◦ F3n , where σ is desribed in [4,
12.4℄ and F3n is the standard Frobenius map over F3n . The nite group G
F0
0 is
the Ree group of type G2 with parameter q
2
whih has order q6(q2− 1)(q6+1).
The Weyl group ofG0 is the dihedral group of order 12. We denote by wa and wb
the reetions ofW orresponding to the roots a and b respetively (here b is the
long root). As before, we denote by xr(t) the Chevalley generators of G0. The
group W has 6 irreduible haraters. We denote by 1W the trivial harater
and by ε the sign of W . There are two other linear haraters; we denote by ǫa
(resp. ǫb) the one whih satises ǫa(wa) = −1 (resp. ǫb(wb) = −1). We denote
by θ′ and θ′′ the two haraters of degree 2 suh that θ′(wawb) = 1.
In Table 5, we reall the generalized Springer orrespondene for a simple
group of type G2 in harateristi 3; see [26℄. To obtain the orrespondene
for θ′ and θ′′ with our notations, we use that bθ′ = 1 and bθ′′ = 2, where bχ
denotes the smallest positive integer k suh that χ ours in the representation
of W on the spae of homogeneous polynomials of degree k on the natural
omplex reetion representation ofW . The representatives of unipotent lasses
of G0 are u1 = 1, u2 = x2a+b(1), u3 = x3a+2b(1), u4 = x2a+b(1)x3a+2b(1),
u5 = xa+b(1)x3a+b(1) and u6 = xa(1)xb(1). The F0-stable lasses of G0 have
representatives u1, u4, u5 and u6. The sets Cl(u5)
F0
and Cl(u6)
F0
split into two
and three lasses ofG
F0
0 respetively. The representatives are denoted by T , T
−1
and Y , Y T , Y T−1 following the notation of [28℄.
3.5.1 Uniform almost haraters
The F0-stable haraters of W are 1W , ε, θ
′
and θ′′. In Table 6, we give the
values of an extension of one of their extensions on the oset WF0. To simplify
the notation, we set w1 = wa, w2 = wawbwa and w3 = wawbwawbwa. In [10,
Table 1℄, the deomposition of the uniform almost haraters of the Ree groups
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u AG0(u) φ ρu,φ du
u1 1 1 ε 6
u2 1 1 ǫa 3
u3 1 1 ǫb 3
u4 1 1 θ′′ 2
u5 Z/2Z 1 θ′ 1
u6 Z/3Z 1 1W 0
Table 5: Generalized Springer orrespondene for type G2.
F0 w1F0 w2F0 w3F0
ε˜ 1 −1 −1 −1
θ˜′′ 0 1 −2 1
θ˜′ 0 −√3 0 √3
1˜W 1 1 1 1
Table 6: Values of extensions on WF0.
are given. We use the notation of [28℄ for the unipotent haraters of G
F0
0 . We
have:
R1˜W = 1GF0
0
,
Rε˜ = StGF0
0
,
Rθ˜′ =
1
2
√
3
(ξ5 + ξ6 + ξ7 + ξ8 + 2ξ9 + 2ξ10),
Rθ˜′′ =
1
2 (ξ5 − ξ6 + ξ7 − ξ8).
Using the harater table of G
F0
0 given in [28℄, we dedue
Proposition 3.2 The values of the uniform almost haraters on the unipotent
elements of G
F0
0 are given in Table 7.
u1 u4 T T−1 Y Y T Y T−1
Rε˜ q
6 0 0 0 0 0 0
R
θ˜′′
q2(q2 − 1) −q2 0 0 0 0 0
R
θ˜′
q(q4 − 1) −q −q −q 0 0 0
R1˜W
1 1 1 1 1 1 1
Table 7: Values of the uniform almost haraters of the Ree groups of type G2.
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u1 u4 T T−1 Y Y T Y T−1
ϕu1,1 1 0 0 0 0 0 0
ϕu4,1 0 1 0 0 0 0 0
ϕu5,1 0 0 −1 −1 0 0 0
ϕu6,1 0 0 0 0 1 1 1
Table 8: Values of the funtions ϕu,φ for the Ree groups of type G2.
3.5.2 Lusztig's algorithm for the Ree groups of type G2
We rst reall the orders of the nite tori of G
F0
0 orresponding to w ∈ W ; we
have |TF01 | = q2−1, |TF0w1 | = q2−
√
3q+1, |TF0w2 | = q2+1 and |TF0w3 | = q2+
√
3q+1.
We hoose the order (u1, 1) ≤ (u4, 1) ≤ (u5, 1) ≤ (u6, 1) on NF00 . In order to
dene the ϕu,φ we hoose as extensions the trivial harater of AG0(u1)⋊ 〈F0 〉,
of AG0(u4)⋊ 〈F0 〉 and of AG0(u6)⋊ 〈F0 〉. For AG0(u5)⋊ 〈F0 〉, we hoose the
extension of the trivial harater of AG0(u5) whih is not the trivial harater
of AG0(u5)⋊〈F0 〉. In Table 8, we give the values of the orresponding funtions.
Theorem 3.2 When G
F0
0 is the Ree group of type G2 with parameter q
2
, then
the matrix Ω dened in 3.3 is
Ω =


1 1− q2 q4 − 1 1
1− q2 q8 − q6 − q4 − q2 −q8 + q4 q8 − q6
q4 − 1 −q8 + q4 q10 + q8 − q6 − q4 −q10 + q6
1 q8 − q6 −q10 + q6 q12


The matries P and Λ resulting from Lusztig's algorithm desribed in 3.3 are
P =


1 1− q2 q4 − 1 1
0 1 −1 1
0 0 1 −1
0 0 0 1

 and Λ =


1 0 0 0
0 p1(q) 0 0
0 0 q2p1(q) 0
0 0 0 q4p1(q)

 ,
where p1(q) = (q
4−1)(q4−q2+1). Moreover for every (u, φ) ∈ NF00 the resulting
harateristi funtion Xu,φ oinides with the uniform almost harater Rρ˜u,φ
on the unipotent elements of G
F0
0 .
3.6 The Ree groups of type F4
Let G0 be a simple algebrai group of type F4 dened over F2; we set q = 2
n
√
2
for some non-negative integer n and F0 = σ ◦ F2n , where σ is desribed in [4,
12.3℄. The nite group G
F0
0 is the Ree group of type F4 with parameter q
2
whih has order q24(q2 − 1)(q6 + 1)(q8 − 1)(q12 + 1). The Weyl group of G0
has 1152 elements and has 25 irreduible haraters. The harater table of W
was omputed by Kondo in [11℄; we use his notation.
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u AG0(u) φ ρu,φ du
x0 1 1 χ1,4 24
x1 1 1 χ2,4 16
x2 1 1 χ2,2 16
x3 1 1 χ4,5 13
x4 1 1 χ9,4 10
x5 Z/2Z 1 χ8,4 9
ǫ χ1,2
x7 Z/2Z 1 χ8,2 9
ǫ χ1,3
x9 Z/2Z 1 χ4,1 8
x11 1 1 χ4,3 7
x12 1 1 χ4,4 7
x13 1 1 χ9,2 6
u AG0(u) φ ρu,φ du
x14 1 1 χ9,3 6
x15 1 1 χ6,1 6
x16 1 1 χ16,1 5
x17 S3 1 χ12,1 4
θ χ6,2
x20 Z/2Z 1 χ8,3 3
x22 Z/2Z 1 χ8,1 3
x24 D8 1 χ9,1 2
ǫ′ χ2,1
ǫ′′ χ2,3
x29 Z/2Z 1 χ4,2 1
x31 Z/4Z 1 χ1,1 0
Table 9: Springer orrespondene for type F4.
The generalized Springer orrespondene of a simple algebrai group of
type F4 in harateristi 2 is determined in [26, p.330℄. Remark that the har-
aters denoted by χ4, χ4,1, χ4,2, χ4,3, χ4,4, χ12 and χ16 in [26℄ are those denoted
by χ4,1, χ4,2, χ4,3, χ4,4, χ4,5, χ12,1 and χ16,1 in [11℄ respetively. The 20 unipo-
tent lasses of G0 were lassied by Shinoda and we use the notation of [21,
Table I℄. The representatives xi are dened as produts of Chevalley generators
in [20, p.139℄. We reall in Table 9 the Springer orrespondene of G0. We
denote by ǫ the non-trivial harater of Z/2Z, by θ the irreduible harater
of S3 of degree 2, and by ǫ
′
and ǫ′′ the two linear haraters of D8 distint
from the trivial and the sign haraters. There are 10 unipotent lasses of G0
whih are F0-stable. They have as representatives the elements x0, x3, x4, x9,
x15, x16, x17, x24, x29 and x31. In [21℄, Shinoda shows that F0 ats trivially
on AG0(x9), AG0(x29), AG0(x17) and AG0(x31). The ation of F0 on AG0(x24)
is not trivial; this group has three F0-lasses. Note that ǫ
′F0 = ǫ′′. This permits
to parametrize the onjugay lasses of G
F0
0 . We denote by ui (0 ≤ i ≤ 18) a
system of representatives as in [21, Table 2℄.
3.6.1 Uniform almost haraters
The group W has eleven F0-stable haraters: χ1,1, χ1,4, χ4,1, χ4,2, χ4,5, χ6,1,
χ6,2, χ9,1, χ9,4, χ12,1 and χ16,1. For eah of these haraters, we hoose an
extension toW⋊〈F0 〉. We give the values of these extensions on the osetWF0
in Table 10. We take the elements wi (1 ≤ i ≤ 11) dened in [21, p.8℄ for a
system of representatives of the F0-lasses of W .
The unipotent haraters of G
F0
0 were omputed by Malle in [16℄; in the
following, we will use his notation. The deomposition of the uniform almost
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w1F0 w2F0 w3F0 w4F0 w5F0 w6F0 w7F0 w8F0 w9F0 w10F0 w11F0
χ˜1,4 1 −1 −1 −1 1 1 1 1 1 1 1
χ˜4,5 0 0 −
√
2
√
2 0 2
√
2 −2√2 0 0 √2 −√2
χ˜9,4 1 1 −1 −1 −1 3 3 −3 0 0 0
χ˜4,1 2 0 0 0 2 2 2 2 −1 −1 −1
χ˜6,1 0 0 0 0 2 −2 −2 −4 −1 1 1
χ˜16,1 0 0 0 0 0 4
√
2 −4√2 0 0 −√2 √2
χ˜6,2 −2 0 0 0 0 4 4 2 −1 1 1
χ˜12,1 2 0 0 0 −2 −2 −2 2 −1 1 1
χ˜9,1 1 −1 1 1 −1 3 3 −3 0 0 0
χ˜4,2 0 0 −
√
2
√
2 0 −2√2 2√2 0 0 −√2 √2
χ˜4,1 1 1 1 1 1 1 1 1 1 1 1
Table 10: Values of extensions on WF0.
haraters of G
F0
0 in unipotent omponents is given in [10, Table 1℄. When χi,j
is an F0-stable irreduible harater of W , we write Ri,j for Rχ˜i,j to simplify.
We reall:
R1,4 = χ4,
R4,5 =
1√
2
(χ7 + χ8),
R9,4 = χ3,
R4,1 =
1
4 (χ9 + χ10 + 2χ11 − χ12 − χ13 − 2χ14 − χ15 − χ16 − χ17 − χ18),
R6,1 =
1
3 (χ12 + χ13 − χ14 + χ19 + χ20 − 2χ21),
R16,1 =
1
2
√
2
(χ9 − χ10 − χ12 + χ13 + χ15 + χ16 − χ17 − χ18),
R6,2 =
1
6 (−3χ9 − 3χ10 − χ12 − χ13 − 2χ14 + 2χ19 + 2χ20 + 2χ21),
R12,1 =
1
12 (3χ9 + 3χ10 + 6χ11 + χ12 + χ13 + 2χ14 + 3χ15 + 3χ16 + 3χ17
+3χ18 + 4χ19 + 4χ20 + 4χ21),
R9,1 = χ2,
R4,2 =
1√
2
(χ5 + χ6),
R4,1 = χ1.
Using the table in [16℄, we dedue
Proposition 3.3 The values on the unipotent elements of the uniform almost
haraters of Ree groups of type F4 are given in Table 11.
3.6.2 Lusztig's algorithm for the Ree groups of type F4
The order on NF00 is suh that
(1, 4) ≤ (4, 5) ≤ (9, 4) ≤ (4, 1) ≤ (6, 1) ≤ (16, 1) ≤ (6, 2) ≤ (12, 1) ≤ (9, 1) ≤ (4, 2) ≤ (1, 1).
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u0 u1 u2 u3 u4 u5
R1,4 q
24 0 0 0 0 0
R4,5 q
23 − q19 + q17 − q13 −q13 0 0 0 0
R9,4 q
22 − q20 + q16 − q12 + q10 −q12 + q10 q10 0 0 0
R4,1 q
16 + q8 q8 q8 q8 q8 0
R6,1 q
18 − q16 − q8 + q6 −q8 + q6 −q8 + q6 0 0 q6
R16,1 −q19 + 2q15 − q13 − q11 + 2q9 − q5 −q11 + 2q9 − q5 q9 − q5 q7 − q5 q7 − q5 −q5
R6,2 −q18 + q16 − 2q12 + q8 − q6 −q12 + q8 − q6 −q6 −q4 −q4 0
R12,1 q
20 + q4 q4 q4 q4 q4 q4
R9,1 q
14 − q12 + q8 − q4 + q2 q8 − q4 + q2 −q4 + q2 q6 − q4 + q2 q6 − q4 + q2 −q4 + q2
R4,2 q
11 − q7 + q5 − q −q7 + q5 − q q5 − q q3 − q q3 − q −q
R4,1 1 1 1 1 1 1
u6 u7 u8 u9 u10 u11 u12 u13 u14 u15 u16 u17 u18
R1,4 0 0 0 0 0 0 0 0 0 0 0 0 0
R4,5 0 0 0 0 0 0 0 0 0 0 0 0 0
R9,4 0 0 0 0 0 0 0 0 0 0 0 0 0
R4,1 0 0 0 0 0 0 0 0 0 0 0 0 0
R6,1 0 0 0 0 0 0 0 0 0 0 0 0 0
R16,1 −q5 0 0 0 0 0 0 0 0 0 0 0 0
R6,2 −q4 −2q4 0 q4 0 0 0 0 0 0 0 0 0
R12,1 q
4 q4 q4 q4 0 0 0 0 0 0 0 0 0
R9,1 −q4 + q2 q2 q2 q2 q2 q2 q2 0 0 0 0 0 0
R4,2 q
3 − q 2q3 − q −q −q3 − q −q −q −q −q −q 0 0 0 0
R4,1 1 1 1 1 1 1 1 1 1 1 1 1 1
Table 11: Values on unipotent elements of the uniform almost haraters of Ree groups of type F4.
1
6
The orders of the nite tori orresponding to elements w ∈W are
w |TF0w |
w1 (q2 − 1)2
w2 q4 − 1
w3 (q2 − 1)(q2 −
√
2q + 1)
w4 (q2 − 1)(q2 +
√
2q + 1)
w5 q4 + 1
w6 (q2 −
√
2q + 1)2
w |TF0w |
w7 (q2 +
√
2q + 1)2
w8 (q2 + 1)2
w9 q4 − q2 + 1
w10 q4 −
√
2q3 + q2 −√2q + 1
w11 q4 +
√
2q3 + q2 +
√
2q + 1
Using Table 10, we an ompute the matrix Ω dened in 3.3. We now give
the seleted extension of φ to A
G
F0
0
(u)⋊ 〈F0 〉 for (u, φ) ∈ NF00 . We hoose the
trivial harater of A
G
F0
0
(u)⋊ 〈F0 〉 for (x0, 1), (x4, 1), (x9, 1), (x15, 1), (x17, 1),
(x24, 1) and (x31, 1). We hoose the extension of the trivial harater whih is
not the trivial harater for (x3, 1), (x16, 1) and (x29, 1). The group AG0(x17) is
isomorphi to S3 and F0 ats trivially on it. Thus AG0(x17)⋊ 〈F0 〉 is a diret
produt; we hoose for θ˜ the extension of θ suh that θ˜(F0) = −2. We then an
ompute the orresponding funtions ϕu,φ.
Theorem 3.3 When G
F0
0 is the Ree group of type F4 with parameter q
2
, then
the matrix P resulting from Lusztig's algorithm is
P =


1 p1(q) p2(q) p3(q) p4(q) p5(q) p6(q) p7(q) p8(q) p1(q) 1
0 1 p9(q) −1 p9(q) p10(q) p11(q) −1 p12(q) p13(q) −1
0 0 1 1 −p9(q) p14(q) −q2 1 −p9(q) p14(q) 1
0 0 0 1 0 p9(q) −1 1 p15(q) p9(q) 1
0 0 0 0 1 −1 0 1 −p9(q) −1 1
0 0 0 0 0 1 1 −1 p9(q) −p9(q) −1
0 0 0 0 0 0 1 0 0 −q2 0
0 0 0 0 0 0 0 1 1 −1 1
0 0 0 0 0 0 0 0 1 −1 1
0 0 0 0 0 0 0 0 0 1 −1
0 0 0 0 0 0 0 0 0 0 1


,
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where
p1(q) = (q2 − 1)(q2 + 1)2(q4 − q+1)
p2(q) = (q8 − q4 + 1)(q4 − q2 + 1)
p3(q) = q8 + 1
p4(q) = (q2 − 1)2(q4 − q3 + q2 − q + 1)(q4 + q3 + q2 + q + 1)
p5(q) = −(q2 − 1)2(q2 + 1)3(q4 − q2 + 1)
p6(q) = −q2(q12 − q10 + 2q6 − q2 + 1)
p7(q) = q16 + 1
p8(q) = (q4 − q2 + 1)(q8 − q4 + 1)
p9(q) = q2 − 1
p10(q) = (q2 − 1)(q4 − q2 − 1)
p11(q) = q2(q6 − q2 + 1)
p12(q) = −q6 + q2 − 1
p13(q) = q6 − q4 + 1
p14(q) = q4 − 1
p15(q) = q4 − q2 + 1
The matrix Λ is the diagonal matrix with entries[
1, f1(q), q
4
f2(q), q
10
f1(q), q
8
f3(q), q
10
f3(q), q
12
f3(q), q
12
f3(q), q
16
f3(q), q
18
f3(q), q
20
f3(q)
]
,
where
f1(q) = (q
2
− 1)(q2 + 1)2(q4 + 1)(q4 − q2 + 1)(q8 − q4 + 1)
f2(q) = (q
4
− 1)(q4 + 1)2(q4 − q2 + 1)(q8 − q4 + 1)
f3(q) = (q
2
− 1)2(q2 + 1)2(q4 + 1)2(q4 − q2 + 1)(q8 − q4 + 1)
Moreover, for every (u, φ) ∈ NF00 , the harateristi funtion Xu,φ obtained
using this algorithm oinides with the uniform almost harater Rρ˜u,φ on the
unipotent elements of G
F0
0 .
4 The disonneted ases
We keep the same notation as in the preeding setions.
4.1 Uniform almost haraters
Digne-Mihel [8℄ and Malle [17℄ have generalized the Deligne-Lusztig theory to
disonneted groups. We briey reall the onstrution: let T˜
′
be a rational
"torus" of G˜ ontained in a "Borel" B˜
′
. We then have (see [8, Proposition
1.5℄) B˜
′ = U′ ⋊ T˜′, where U′ is the unipotent radial of B˜′◦. We introdue the
variety YU′ = {x ∈ G | x−1F (x) ∈ U′}. The groups GF and T˜′F at on YU′
and these ations ommute. This indues linear ations onHic(YU′ ,Qℓ), where ℓ
is a prime number distint from the harateristi. Let θ ∈ Irr(T˜′F ), we dene
the assoiated generalized Deligne-Lusztig haraters by (see [8, 2℄)
RG˜
T˜′
(θ)(g) =
1
|T˜′F |
∑
t∈T˜′F
θ(t−1)Tr
(
(g, t)|H∗c (YU′ ,Qℓ)
)
for g ∈ G˜.
We now give a parametrization (up to onjugay) of the rational "tori" of G˜
ontaining τ . We reall that the "tori" of G˜ are onjugate in G; see [8℄. Let T˜′
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be a "torus" of G˜ ontaining τ , then T˜′◦ = T˜′ ∩G◦ is a maximal torus of G
and we have T˜
′ = T˜′◦ ⋊ 〈 τ 〉. We have
Proposition 4.1 We x a maximal rational torus T0 of G0 and we set T =
T0 × T0 and T˜ = T ⋊ 〈 τ 〉. The G˜F -lasses of rational "tori" of G˜ are in
orrespondene with the G
F0
0 -lasses of maximal rational tori of G0. We x a
system WF0 of representatives of F0-lasses of W0. Let w ∈ WF0 and nw be a
orresponding element in NG0(T0). We set
T0,w = xT0x
−1
and T˜w = (x, x)T˜(x, x)
−1,
where x is suh that nw = x
−1F0(x). Then the sets {T0,w | w ∈ WF0}
and {T˜w | w ∈ WF0} are respetively representative systems of GF00 -lasses
of maximal rational tori of G0 and G˜
F
-lasses of rational "tori" of G˜.
Proof  Write X for the set of "tori" of G˜. The onneted group G ats
transitively on X . We denote by F ′ : X → X , T˜′ 7→ F (T˜′). We have F ′(xT˜′) =
F (x)F ′(T˜′) and NG◦(T′) is a losed subset. We an apply Theorem 2.1. The
"torus" T˜ = (T0 ×T0)⋊ 〈 τ 〉 is a rational "torus" of X . We have
NG(T˜) = NG(T0 ×T0) ∩ NG(τ) = µ (NG0(T0)) ,
it follows that µ is an isomorphism of algebrai groups betweenNG0(T0) andNG(T˜).
Sine CG(T˜) = µ (T0), we dedue that
NG(T˜)
◦ = CG(T˜).
Moreover, we have
NG(T˜)/CG(T˜) ≃ µ (NG0(T0)/T0) ,
where µ is the map wT0 7→ µ(wT0). We then have
∀w ∈ NG0(T0)/T0, F (µ(w)) = µ (F0(w)) .
Let w ∈ NG0(T0)/T0 and nw be a representative of w in NG0(T0). Let x ∈ G0
be suh that nw = x
−1F0(x); We have
(x, x)−1F (x, x) =
(
x−1F0(x), x−1F0(x)
)
= (nw, nw) = µ(nw),
The result is then a onsequene of Theorem 2.1.
✷
Remark 4.1 We have to nd an analogue of Proposition 1.40 of [8℄ in our
speial ase (with expliit representatives for the lasses of rational "tori"). As
a onsequene of Proposition 4.1, we obtain Proposition 1.38 of [8℄, whih says
that every G˜
F
-lass of "torus" of G˜ has a representative that ontains τ .
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The Weyl group of G is W = NG(T)/T, where T = T0 ×T0. Following Malle
in [17℄, we give a denition of the uniform almost haraters of G˜
F
: let ρ be an
irreduible harater of W τ and ρ˜ be an extension of ρ to W˜ = W τ ⋊ 〈F 〉. We
dene the uniform almost harater orresponding to ρ˜ as the restrition of the
lass funtion onto the oset G
F τ : (we adapt here the denition [17, Denition
2℄ given in the ase where F ats trivially on the Weyl group):
Rρ˜ =
1
|W τ |
∑
w∈W τ
ρ˜(wF )RG˜
T˜w
(1
T˜Fw
).
Note that W τ is isomorphi to W0 and the operation of F on W
τ
is the same
as the one of F0 on W0.
In order to ompute the deomposition of haratersRG˜
T˜w
(1
T˜Fw
) in irreduible
onstituents, we reall Proposition 4.8 of [8℄:
Proposition 4.2 Let T˜
′
and T˜
′′
be two rational "tori" ontaining τ ; suppose
that θ′ ∈ Irr
(
T˜
′F
)
and θ′′ ∈ Irr
(
T˜
′′F
)
satisfy θ′0 = Res
T˜
′F
T˜′◦F
(θ′) ∈ Irr
(
T˜
′◦F
)τ
and θ′′0 = Res
T˜
′′F
T˜′′◦F
(θ′′) ∈ Irr
(
T˜
′′◦F
)τ
. We have
〈RG˜
T˜′
(θ), RG˜
T˜′′
(θ′′) 〉τ = 0,
if (T˜′◦, θ′0) and (T˜
′′◦, θ′′0 ) are not
(
(G˜τ )◦
)F
-onjugate and
〈RG˜
T˜′
(θ′), RG˜
T′
(θ′) 〉τ = 1
|
(
T˜′τ
)◦F
|
∣∣∣{n ∈ N(G˜τ )◦F (T˜′) | nθ′0 = θ′0}∣∣∣ .
Here, 〈ψ1, ψ2 〉τ denotes 1|GF |
∑
g∈GF
ψ1(gτ)ψ2(gτ).
4.2 Generalized Springer orrespondene
The generalized Springer orrespondene is extended to disonneted groups
in [15, II℄. It is extended for the onneted omponent D = Gτ of G˜: sine τ
is unipotent, we an assoiate to every pair (u, φ) of ND (u is a unipotent el-
ement lying in D and φ is an irreduible harater of A(u) dened in 2.2)
a 4-tuple (L, v, ψ, ρ) as in the onneted ase, where L is a τ -stable Levi sub-
group of G, (v, ψ) is a uspidal pair of NLτ and ρ is an irreduible hara-
ter of NGτ (L)/L; see [15, II.8.8,II.11.10℄. For the pairs orresponding to T
(denoted ND,0 as previously), the generalization to the disonneted ase was
independently introdued by Sorlin [24℄.
Proposition 4.3 Let G0, G and G˜ as in 2.1. Let u be a unipotent element
of G0 and (u, φ) ∈ N0 and let ρu,φ ∈W0 be the Springer orrespondent of (u, φ).
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Then (f(u), φ ◦ µ−1) ∈ ND,0 (where f and µ are the maps dened in Proposi-
tion 2.2 ) and the Springer orrespondent orresponding to it is ρu,φ (viewed as
a harater of NGτ (T)/T ≃W0).
Proof  This is a onsequene of Proposition 2.2 and [19, Theorem 3.3℄,
applied with σ being trivial.
✷
Corollary 4.1 The Springer orrespondene for the pairs lying in ND,0 for the
disonneted groups of type B2 and F4 are given in Tables 1 and 9 respetively.
In Table 1 (resp. Table 9), the representatives ui (resp. xi) are now the images
under f dened in Proposition 2.2 of the orresponding elements of G0.
Remark 4.2 In fat, for the disonneted ases of type B2 and F4, the general-
ized Springer orrespondene of the pairs lying in ND is in orrespondene with
the generalized orrespondene of the pairs lying in N . The generalized Springer
orrespondene for disonneted groups indeed satises the same properties as
the generalized Springer orrespondene for onneted groups. These properties
are realled in [18, 2℄. Moreover in [26℄, Spaltenstein proves that the general-
ized Springer orrespondene for a simple group of type F4 in harateristi 2
orresponding to the pairs whih are not in N0 an be omputed using only these
properties.
4.3 The disonneted ase of type B2
We use the notation of [2℄. Note that the symbol q in [2℄ is the symbol q2
in this paper. The group G
F
has 4 unipotent haraters 1GF , θ1, θ4 and θ5
whih extend to G˜
F
. If θ is suh a harater, we denote by θ˜ the extension
suh that θ˜(τ) > 0. The values of these extensions are given in [2, Table 9℄.
Sine every lass of G˜ lying in the oset Gτ is real, it follows from Remark 2.1
that the lass of f(x) (where x ∈ G0 and f dened in Proposition 2.2) is
the Shintani orrespondent of x in G
F 2
0
0 ⋊ 〈F0 〉 when we use the identiations
of Proposition 2.1. This orrespondene is expliitly desribed in [2, Proposition
4.1℄. Following Proposition 4.1, the G˜
F
-lasses of rational "tori" of G˜ are
parametrized by the F0-lasses of W = W (G0) and a system of representatives
is given in Table 2. For suh a representative w, we denote by Rw the restrition
of RG˜
T˜w
(1
T˜Fw
) to GF τ .
Proposition 4.4 We have on the oset G
F τ :
R1 = 1G˜ + θ˜4
Rwa = 1G˜ − θ˜1 − θ˜5 − θ˜4
Rwawbwa = 1G˜ + θ˜1 + θ˜5 − θ˜4
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Proof  Using the proof of [2, Proposition 3.1℄, we dedue that R1 = 1G˜+ θ˜4
on G
F τ . Let w ∈ W ; note that 〈Rw, 1G˜ 〉τ = 1, where 〈 , 〉τ is the restrited
salar produt introdued in Proposition 4.2. We indeed have
〈RG˜
T˜w
(1
T˜Fw
), 1
G˜
〉τ = 〈 1T˜Fw ,
∗RG˜
T˜w
(1
T˜Fw
) 〉T◦Fw τ = 〈 1T˜Fw , 1T˜Fw 〉T◦Fw τ = 1,
where
∗RG˜
T˜w
is the adjoint of RG˜
T˜w
. Using Proposition 4.2, we dedue that
〈Rwa , Rwa 〉τ = 〈Rwawbwa , Rwawbwa 〉τ = 4,
〈R1, Rwa 〉τ = 〈R1, Rwawbwa 〉τ = 0.
We then dedue that
〈 θ˜4, Rwa 〉τ = 〈 θ˜4, Rwawbwa 〉τ = −〈 1G˜, Rwa 〉τ = −1.
Moreover, sine the onstituents of Rwa and Rwawbwa are extensions of unipotent
haraters of G
F
, we dedue that the other onstituents of these haraters
are θ˜1 and θ˜5 (possibly with multipliity 0). However, the τ -norm of these
haraters is 4. It then follows that θ˜1 and θ˜5 our with multipliity ±1. Now,
using [8, Theorem 4.13℄, we have
Rwa(τ) = R
G0
T0,wa
(1) = −(q2 − 1)(q2 +
√
2q + 1),
and similarly Rwawbwa(τ) = −(q2 − 1)(q2 −
√
2q + 1).
Sine θ˜1(τ) = θ˜5(τ) =
1√
2
q(q2 − 1), the result holds.
✷
Corollary 4.2 We hoose the extensions of the F -stable haraters of W τ
to W τ ⋊ 〈F 〉 as in Table 2. We then have
R1˜ = 1G˜F ,
Rε˜ = θ˜4,
Rχ˜ =
√
2
2 (θ˜1 + θ˜5).
Moreover, the values of these lass funtions on the unipotent elements lying in
the oset G
F τ are given in Table 3, where we replae u1, u2, ρ and ρ
−1
by the
elements denoted by (1, σ), (xa+b, σ), (xa, σ) and (xaxa+b, σ) in [2℄ respetively.
Let NFD,0 be the set of pairs ofND,0 whih are F -stable. When (u, φ) ∈ NFD,0,
we an assoiate to (u, φ) a lass funtion Yu,φ on the unipotent elements ofG
F τ ;
see [15, IV.19.6, IV.19.8℄. When u is a unipotent element of GF τ , we denote
by Bu the variety of Borel subgroups ofG whih are u-stable (for the onjugation
in G˜). We now have:
• A Springer orrespondene for the pairs lying in NFD,0;
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• A basis of the spae of lass funtions dened on the unipotent elements
of G
F τ .
• The integers du giving the dimensions of the varieties Bu.
We an then formally apply Lusztig's Algorithm with these data as input. Re-
mark that if u is a unipotent element of G0, then the varieties Bu and Bf(u)
(with f dened in Proposition 2.2) are isomorphi. The isomorphism is given
by
B
′ ∈ Bu 7→ (B′,B′) ∈ Bf(u).
We have seen in Proposition 2.2 that f(u) lies in a rational unipotent lass
of Gτ . Let u′ be a rational element in the lass of f(u) obtained by the proess
of the proof of Proposition 2.2. We have shown that the ation of F on A(u′) is
the same as the one of F on A(f(u)). We thus obtain a bijetion between the
pairs (u′, φ′) ∈ NF0D,0 and the pairs (f(u), φ◦µ−1), with φ◦µ−1 being an F -stable
harater of A(f(u)). Sine the ation of F on A(f(u)) is the same as the one
of F0 on AG0(u), it follows that NF00 and NFD,0 are in bijetion. Using the proof
of [15, IV, Lemma 9.7℄, we dene the lass funtions ϕf(u),φ for (u, φ) ∈ NF00
by the lass funtion on the set of unipotent elements of G
F τ as follows: the
onjugay lasses of G˜
F
lying in Cl(f(u)F ) are in bijetion with the F -lasses
of A(f(u)) (see the proof of Proposition 2.2). If a is a representative of suh a
lass, we denote by a˜ a representative of the orresponding lass of G˜F . Let g ∈
G˜
F
, we set
ϕf(u),φ(g) =
{
φ˜(aF ) if g is onjugate in G˜F to a˜,
0 otherwise.
Here φ˜ denotes an extension of φ ◦ µ−1 to A(f(u)) ⋊ 〈F 〉. We hoose for φ˜
the same extension as in Table 4. For the notation, we replae in Table 4 the
funtions ϕu,φ by ϕf(u),φ and the lasses as in Corollary 4.2.
Proposition 4.5 The outputs obtained using Lusztig's algorithm with these
data are preisely the uniform almost haraters of G
F τ .
4.4 Conjeture for the disonneted ase of type F4
Sine Lusztig's algorithm is valid for the disonneted ase of type B2, we an
suppose that this will also be the ase for the disonneted type F4. We state a
onjeture of the same type as Proposition 4.5.
Conjeture 4.1 Suppose G0 is a simple group of type F4 and F0 the generalized
Frobenius map that denes a Ree group of type F4. Then the values of the
uniform almost haraters of the group G
F 2
0
0 ⋊ 〈F0 〉 on the oset GF
2
0
0 F0 are
given in Table 11, when we replae ui by its Shintani orrespondent NF0/F 20 (ui).
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